We consider generalized Morrey spaces M p,ω R n with a general function ω x, r defining the Morrey-type norm. We find the conditions on the pair ω 1 , ω 2 which ensures the boundedness of the maximal operator and Calderón-Zygmund singular integral operators from one generalized Morrey space M p,ω1 R n to another M p,ω2 R n , 1 < p < ∞, and from the space M 1,ω1 R n to the weak space WM 1,ω2 R n . We also prove a Sobolev-Adams type M p,ω1 R n → M q,ω2 R n -theorem for the potential operators I α . In all the cases the conditions for the boundedness are given it terms of Zygmund-type integral inequalities on ω 1 , ω 2 , which do not assume any assumption on monotonicity of ω 1 , ω 2 in r. As applications, we establish the boundedness of some Schrödinger type operators on generalized Morrey spaces related to certain nonnegative potentials belonging to the reverse Hölder class. As an another application, we prove the boundedness of various operators on generalized Morrey spaces which are estimated by Riesz potentials.
Introduction
For x ∈ R n and r > 0, let B x, r denote the open ball centered at x of radius r and B x, r denote its complement.
Let f ∈ L where |B x, t | is the Lebesgue measure of the ball B x, t . Let T be a singular integral Calderon-Zygmund operator, briefly a Calderon-Zygmund operator, that is, a linear operator bounded from L 2 R n in L 2 R n taking all infinitely continuously differentiable functions f with compact support to the functions Tf ∈ L The classical result by Hardy-Littlewood-Sobolev states that if 1 < p < q < ∞, then I α is bounded from L p R n to L q R n if and only if α n 1/p − 1/q and for p 1 < q < ∞, I α is bounded from L 1 R n to WL q R n if and only if α n 1 − 1/q . S. Spanne published by Peetre 25 and Adams 26 studied boundedness of the Riesz potential in Morrey spaces. Their results can be summarized as follows.
Theorem 2.2
Spanne, but published by Peetre 25 . Let 0 < α < n, 1 < p < n/α, 0 < λ < n−αp. Set 1/p − 1/q α/n and λ/p μ/q. Then there exists a constant C > 0 independent of f such
Recall that, for 0 < α < n,
hence Theorems 2.2 and 2.3 also imply boundedness of the fractional maximal operator M α , where v n is the volume of the unit ball in R n . The classical result for Calderon-Zygmund operators states that if Note that in the case of the classical Calderón-Zygmund singular integral operators Theorem 2.4 was proved by Peetre 25 . If λ 0, the statement of Theorem 2.4 reduces to the aforementioned result for L p R n .
Generalized Morrey Spaces
Everywhere in the sequel the functions ω x, r , ω 1 x, r and ω 2 x, r , used in the body of the paper are nonnegative measurable function on R n × 0, ∞ . We find it convenient to define the generalized Morrey spaces in the form as follows.
n by the finite norm
According to this definition, we recover the space M p,λ R n under the choice ω x, r r λ−n /p :
In 4, 5, 17, 18 there were obtained sufficient conditions on weights ω 1 and ω 2 for the boundedness of the singular operator T from M p,ω 1 R n to M p,ω 2 R n . In 18 the following condition was imposed on w x, r :
whenever r ≤ t ≤ 2r, where c ≥ 1 does not depend on t, r and x ∈ R n , jointly with the condition 29 . The classes of almost monotonic functions satisfying such integral conditions were later studied in a number of papers, see 30-32 and references therein, where the characterization of integral inequalities of such a kind was given in terms of certain lower and upper indices known as MatuszewskaOrlicz indices. Note that in the cited papers the integral inequalities were studied as r → 0. Such inequalities are also of interest when they allow to impose different conditions as r → 0 and r → ∞; such a case was dealt with in 33, 34 .
In 18 the following statements were proved. 
The Maximal Operator in the Spaces
and for p 1
where C does not depend on f, x ∈ R n and t > 0.
Proof. Let 1 < p < ∞. We represent f as
and have
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on the right-hand side of 4.5 is dominated by the right-hand side of 4.6 .
To estimate Mf 2 , we first prove the following auxiliary inequality:
To this end, we choose β > n/p and proceed as follows:
ds.
4.8
For z ∈ B x, t we get
x − y −n f y dy.
4.9
Then by 4.7 
where C does not depend on x, t. Note that inequality 4.11 also true in the case p 1. Then by 4.11 , we get inequality 4.2 . 
Proof. Let 1 < p < ∞ and f ∈ M p,ω 1 R n . By Theorem 4.1 we obtain
4.15
Hence
by 4.14 , which completes the proof for 1 < p < ∞. 
4.17
4.18 by 4.14 , which completes the proof for p 1. 
Riesz Potential Operator in the SpacesM
Proof. As in the proof of Theorem 4.1, we represent function f in form 4.3 and have
5.4
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where the constant C is independent of f. Taking into account that
we get
5.7
When |x − z| ≤ t, |z − y| ≥ 2t, we have 1/2 |z − y| ≤ |x − y| ≤ 3/2 |z − y|, and therefore
x − y α−n f y dy χ B x,t L q R n .
5.8
We choose β > n/q and obtain 
5.9
Therefore Proof. Let 1 < p < ∞ and f ∈ M p,ω R n . By Theorem 5.1 we obtain 
5.15
Hence 
Adams Type Result
x − y α−n f y dy
f y dy where q ≥ p and C does not depend on x ∈ R n and t > 0. Suppose also that for almost every x ∈ R n , the function w x, r fulfills the condition there exist an a a x > 0 such that ω x, · : 0, ∞ −→ a, ∞ is surjective.
5.21
Then for p > 1 the operators M α and I α are bounded from M p,ω R n to M q,ω p/q R n and for p 1 the operators M α and I α are bounded from
Proof. In view of the well-known pointwise estimate M α f x ≤ C I α |f| x , it suffices to treat only the case of the operator I α .
Let 1 ≤ p < ∞ and f ∈ M p,ω R n . By Theorem 5.4 we get
From 5.20 we have r α ω x, r ≤ Cω x, r p/q . Making also use of condition 5.20 , we obtain
Since ω x, r is surjective, we can choose r > 0 so that ω x, r Mf x f −1 M p,ω R n , assuming that f is not identical 0. Hence, for every x ∈ R n , we have
5.24
Hence the statement of the theorem follows in view of the boundedness of the maximal operator M in M p,ω R n provided by Theorem 4.2 in virtue of condition 4.14
Singular Operators in the Spaces
13
Proof. Let 1 < p < ∞. We represent function f as in 4.3 and have
Taking into account the inequality
To estimate Tf 2 L p B x,t , we observe that
f y dy
where z ∈ B x, t and the inequalities |x − z| ≤ t, |z − y| ≥ 2t imply 1/2 |z − y| ≤ |x − y| ≤ 3/2 |z − y|, and therefore
Hence by inequality 4.7 , we get
From 6.6 and 6.9 we arrive at 6.1 .
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Let V ≥ 0. We say V ∈ B ∞ , if there exists a constant C > 0 such that
holds for every ball B in R n see 41 . The following are two pointwise estimates for T 1 and T 2 which are proven in 37, Lemma 3.2 with the potential V ∈ B ∞ . Theorem B. Suppose V ∈ B ∞ and 0 ≤ γ ≤ β ≤ 1. Then there exists a constant C > 0 such that
where α 2 β − γ .
where α 2 β − γ − 1.
The previous theorems will yield the generalized Morrey estimates for T 1 and T 2 .
Corollary 7.1. Assume that V ∈ B ∞ , and 0 ≤ γ ≤ β ≤ 1. Let 1 ≤ p ≤ q < ∞, 2 β−γ n 1/p−1/q , and condition 5.13 be satisfied for α 2 β − γ . Then for p > 1 the operator T 1 is bounded from for x, y ∈ R n and all t > 0, where c 1 , c 2 > 0 are independent of x, y, and t.
Some Applications
For 0 < α < n, the fractional powers L −α/2 of the operator L are defined by
Note that if L −Δ is the Laplacian on R n , then L −α/2 is the Riesz potential I α . See, for example, 2, Chapter 5 .
Proof. Since the semigroup e −tL has the kernel p t x, y which satisfies condition 8.1 , it follows that
for all x ∈ R n , where C > 0 is independent of x see 42 . Hence by Theorem 5.2 we have
where the constant C > 0 is independent of f. for all t > 0 and all x, y ∈ R n , where c 3 , c 4 > 0 are independent of x, y, and t.
